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Abstrat
Relationships between the oupling onstant and the binding energy of threshold bound states
are obtained in a simple manner from an iterative algorithm for solving the eigenvalue problem.
The absene of threshold bound states in higher dimensions an be easily understood.
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1
In a mathematially elegant paper, Simon studied the one and two dimensional
Shrodinger operators −∂2/∂x2 + λV (x) and − △ +λV (x) where either V (x) or V (x) is
desribed in this work as the potential and the parameter λ (> 0) is termed the strength
of the potential. Simon provided neessary and suient onditions for the existene of a
bound state when λ is small[1℄. In one dimension a threshold bound state (i.e., one just
bound) exists for many nite short-range potentials and its binding energy is an analytial
funtion of λ[2, 3℄. Furthermore, using the theory of trae lass determinants [4, 5℄, a simple
expansion for the binding energy of the threshold bound state has been obtained(see Ref[1℄).
More reently, Gat and Rosenstein have pointed out that perturbative methods provide a
suitable means for alulating the binding energy of this state[6℄. This is somewhat peuliar
sine a onvergent expansion for the binding energy in λ exists, but no apparent poles appear
in the expansion of the S matrix to any nite order in perturbation theory. Rather than
use perturbation theory, we wish to point out that the expression for the binding energy
of the threshold bound state obtained by Simon in one and two dimensions an easily be
obtained from a simple non-perturbative iterative algorithm[7℄ and we provide an intuitive
explanation of the form of the expansion in dierent dimensions.
In the algorithmi approah, eigenvalues and the assoiated eigenfuntions are determined
as funtions of the strength of the potential, λ. To illustrate the method, we onsider the
one-dimensional eigenvalue equation[7℄
[−∂2x − λV (x)]u(x) = −ǫu(x) (1)
subjet to
lim
|x|−>∞
u(x) = 0. (2)
Here ∂x = ∂/∂x, λ > 0 and
∫
V (x)dx ≥ 0. We shall always assume V (x) → 0 as |x| → ∞.
The energy eigenvalue, −ǫ (with ǫ > 0), is negative and orresponds to a bound state. Using
Green's method a solution to equation (1) is given by
u(x) = λ
∫ ∞
−∞
Gǫ(x− x′)V (x′)u(x′)dx′ (3)
where the Green's funtion Gǫ(x) satises
[−∂2x + ǫ]Gǫ(x) = δ(x) (4)
lim
|x|−>∞
Gǫ(x) = 0. (5)
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Normalizing u(x) at an arbitrary xref
u(xref) = 1 (6)
allows λ to be written as (see Eq. (3))
λ =
1∫∞
−∞Gǫ(xref − x′)V (x′)u(x′)dx′
(7)
whih an then be used to eliminate λ from equation (3):
u(x) =
∫∞
−∞Gǫ(x− x′)V (x′)u(x′)dx′∫∞
−∞Gǫ(xref − x′)V (x′)u(x′)dx′
. (8)
Using equations (7) and (8), λ an then be determined as a funtion of ǫ as follows. For a
partiular hoie of ǫ Eq. (8) an be iterated from a reasonable starting point, u0(x):
un+1(x) =
∫∞
−∞Gǫ(x− x′)V (x′)un(x′)dx′∫∞
−∞Gǫ(xref − x′)V (x′)un(x′)dx′
(9)
until it onverges and λ an then be determined from Eq. (7). Repeating this proedure for
a dierent value of ǫ yields a dierent value of the strength of the potential, λ. When enough
(ǫ, λ) pairs have been determined, a simple interpolation proedure an be used to determine
the dependene of ǫ on λ. Furthermore, for larger values of ǫ a simple relationship between
λ and ǫ an be obtained for non-singular symmetri potentials whih vanish asymptotially
whih an be used to make the the algorithm more eient[8℄.
For small values of ǫ, orresponding to states on the threshold of being bound, the an-
alytial dependene of ǫ on λ may be obtained approximating the Green's funtion, whih
satises Eq. (4) and is given by
Gǫ(x) =
e−
√
ǫ|x|
2
√
ǫ
. (10)
Expanding Gǫ(x) in ǫ:
Gǫ(x) =
1
2
√
ǫ
+ . . . (11)
and substituting this into Eq. (8) yields
u(x) = 1 + . . . . (12)
to leading order in ǫ. From Eq. (7) one therefore easily obtains the following approximate
relationship between the oupling onstant λ and ǫ
λ =
2
√
ǫ∫∞
−∞ V (x)dx
(13)
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whih is valid for small values of ǫ. For arbitrary small oupling it provides an analytial
expression for the lowest bound state for a large lass of potentials in one dimension provided∫∞
−∞ V (x)dx ≥ 0[1℄. Furthermore, had we inluded the standard fator of 1/2 in the rst
term of the eigenvalue equation, Eq. (1), then we would obtain
ǫ =
1
2
λ2
(∫ ∞
−∞
V (x)dx
)2
(14)
whih is preisely the result obtained by Simon to O(λ2).
An important feature of Eq. (3) is that it has a solution for ǫ, for arbitrarily small λ.
This follows sine the Green's funtion, Eq. (10), is unbounded from above as ǫ→ 0:
lim
ǫ→0+
Gǫ(x) = +∞. (15)
Hene for very small values of λ, the value of ǫ an always be adjusted until the produt
λGǫ(x) is non-negligible.
We note these results an be generalized to higher dimensions sine it an easily be seen
that Eqs (3) and (8) beome
u(x) = λ
∫
all space
Gǫ(x− x′)V (x′)u(x′)dnx′ (16)
and
u(x) =
∫
all space
Gǫ(x− x′)V (x′)u(x′)dnx′∫
all space
Gǫ(xref − x′)V (x′)u(x′)dnx′ . (17)
The essential dierene arises only from the dierent form the Green's funtion takes in
dierent dimensions.
In two dimensions
Gǫ(x) =
1
2π
K0(ǫ|x|) (18)
where K0(·) is a Bessel funtion of the seond kind of order zero[9℄. Expanding K0(ǫ|x|) for
small ǫ yields
K0(ǫ|x|) = ln (1/ǫ) + ln
(
2e−γ/|x|)+O(ǫ2) (19)
where γ = 0.57721... is Euler's onstant. Thus from Eq. (17) we obtain, for suiently
small ǫ,
u(x) = 1 + . . . (20)
and therefore
λ ≃ 1
ln
(
1
ǫ
)
1
2π
∫
V (x)d2x
(21)
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As in one dimension provided
∫
V (x)d2x ≥ 0, a threshold bound state exists for arbitrarily
small λ if
∫
|V (x)|1+βd2x <∞ (some β > 0) and
∫
(1 + x2)β|V (x)|d2x <∞[1℄. Again it is
the divergene of the Green's funtion, at xed spatial argument, when ǫ→ 0, that leads to
a threshold bound state at arbitrarily small λ.
On the other hand in three dimensions the Green's funtion is
Gǫ(x) =
e−ǫ|x|
4π|x| . (22)
At xed |x|, this does not diverge as ǫ → 0. This is suggestive of the known fat that
in three and higher dimensions an arbitrarily weak attrative potential does not possess a
bound state[1℄; there has to be a ertain strength of the potential before it an support a
bound state. We note that the leading term in an expansion of ǫ of the Green's funtion, in
n = 3 and higher dimensions, is not independent of x. This is dierent to the orresponding
behaviour of the Green's funtions when n = 1 and n = 2 and suggests that n = 1 and
n = 2 whih may be thought of as being atypial of all other dimensions.
To understand the property of an arbitrarily weak attrative potential to bind a partile
in n = 1 and n = 2 two dimensions but not in three or more dimensions, we an relate it to
an apparently dierent problem of how muh time a random walk in n dimensions spends in
the viinity of its starting position. Using Dira notation in the general n-dimensional ase
where pˆ is the momentum operator and |x〉 (〈x|) is an eigenket (eigenbra) of the oordinate
operator, we have
Gǫ(x) = 〈x|(pˆ2 + ǫ)−1|0〉 =
∫ ∞
0
dt〈x|e−(pˆ2+ǫ)t|0〉. (23)
This quikly leads to
lim
ǫ→0
Gǫ(x) =
∫ ∞
0
e−|x|
2/(4t)
(4πt)n/2
dt. (24)
In a formulation of the random walk in disrete spae and disrete time[10℄, it is preisely
the analogue of limǫ→0Gǫ(x) whih determines the mean time a random walk spends in the
viinity of a site at position x, given it was at position 0 at time t = 0. In n = 1 and n = 2
dimensions limǫ→0Gǫ(x) is innite, implying an innite amount of time is spent at x. By
ontrast, when n ≥ 3, G0(x) is nite. In the ontinuous spae quantum mehanial problem
onsidered here, it is preisely the niteness (or lak of niteness) of limǫ→0Gǫ(x) that
determines the dimensionalities where an arbitrarily weak potential an possess a threshold
bound state.
5
We onlude by pointing out that at least for small values of λ, good approximate ana-
lytial relationships between ǫ and λ exist in one and two dimensions whih may be used to
improve the onvergene rate of the aforementioned iterative algorithm[7℄.
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